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Calculation of Surface Heat Transfer
for a Sphere with Wall Injection

Yoshinori Izawa ¤ and Keisuke Sawada†

Tohoku University, Sendai 980-8579, Japan

A computational � uid dynamics method is developed to calculate heat-transfer rate for a sphere with wall
injection in hypersonic � ow. Attention is paid to exploring the enhanced heat-transfer rate by wall injection. The
concept of injection-induced turbulence effect is employed in which the injection � ow is assumed to be inherently
turbulent. A detailed comparison of the calculated heat-transfer distributions with existing experimental data is
carried out. Although the quantitativeagreement is not yet accomplished for the entire wall surface, the enhanced
heat-transfer rate at the stagnationpoint is well reproduced, and the higher heating rate in the downstream region
is indicated in the calculated results.

Nomenclature
A+ = constant, 26
B = blowing parameter [ ÇmC p(Tt ¡ Tw ) /q0]
C p = speci� c heat with a constant pressure, J/g-K
D = Van Driest damping function
d = mixing length of turbulence, cm
dm = limiting mixing length of turbulence at the wall, cm
dinj = mixing length of turbulencecaused by the injection

� ow from the wall surface, cm
M 1 = freestream Mach number
Çm = local mass addition rate, g/cm2-s
Çm = area-averagedmass addition rate to a given

location, g/cm2-s
m ¤ = mass-� ow rate ratio ( Çm / Çm 1 )
Çm 1 = freestream mass-� ow rate, g/cm2-s
p = pressure, psi
pt = total pressure of the wind tunnel, psi
q = local heating rate, W/cm2

q0 = theoretical value of the stagnation heating rate for
a sphere with 17.78 cm diameter, W/cm2

Re = Reynolds number based on the nose diameter
RN = nose radius, 8.89 cm
s = distance along the wall surface from the stagnation

point, cm
T = temperature, K
Tt = total temperature of the wind tunnel, K
u = velocity component tangential to the wall, cm/s
v = velocity component normal to the wall, cm/s
y = distance from the wall, cm
y+ = dimensionless wall coordinate
g = dimensionless normal coordinate;Eq. (5)
l = molecular viscosity, g/cm-s
l t = eddy viscosity, g/cm-s
( l t )BL = eddy viscosity evaluated by the Baldwin–Lomax

turbulence model, g/cm-s
( l t )inj = eddy viscosity caused by the injection � ow from the

wall surface, g/cm-s
( l t )Park = eddy viscosity of the injection � ow at the wall

according to Park’s model, g/cm-s
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q = density, g/cm3

s = time constant, s
v = Karman constant, 0.4
W = stagnation point heating rate ratio (q /q0 )
x = vorticity, 1/s

Subscripts

B = 0 = value for no mass addition
e = edge of boundary layer
s = local value at s
w = wall value

Introduction

A CCURATE prediction capability of surface heat-transfer rate
for a blunt geometry in hypersonic � ows is a necessity for

designing space vehicles. Several analytical formulas based on the
boundary-layer theory for predicting heat-transfer rate at the stag-
nation point, such as the one proposed by Fay and Riddell,1 are
available and have been used in past space vehicle designs.

For a space vehicle entering into the atmosphere with a superor-
bital velocity, it is customary to employ an ablator as a heat shield.
Ablative material such as carbon-phenolicabsorbs heat by the py-
rolysis process. At the same time pyrolysis gas is injected into the
boundary layer from the surface.2 The convective blockage effect
of ablation product gas becomes effective if the surface is covered
by laminar injected gas, which alleviates temperature gradient and
thus reduces the amount of heat being transferred to the surface by
conduction.

Although the boundary-layer theory can be extended to include
the surface blowing case,3,4 the prediction of heat-transfer rate for
the ablative heat shield has inherent dif� culties. A recent paper
pointed out that, when ablation occurs, surface heat-transfer rate
can be enhanced signi� cantly by turbulence effect that comes ei-
ther from surface injection � ow or spallation.5 The latter can also
enhance radiative heat transfer greatly.

Presently, several sample return space missions such as MUSES-
C in Japan6 and Stardust in the United States7 are being planned.
In the former plan a probe vehicle will travel to the asteroid orbit-
ing near Mars and pick its surface sample. In the latter plan a probe
vehiclewill go through the tail of a comet and also gather some sam-
ples. After pickingup samples, these probe vehicleswill come back
to Earth and enter the atmosphere with velocity exceeding12 km/s.
Becauseof this highervelocity,those reentrybodiesemployablative
materials for heat protection.Particularly in Japan’s case, weight of
the entry body is critically limited, and thus a thicker ablator cannot
be utilized. This requires the sophistication for design procedureof
the thermal protection system and motivates the present study.

As just stated, foreign gas injection in the boundary layer can re-
duce the amount of heat conduction to the surface. However, when
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turbulencecomesout in theboundarylayer, the amount of heat being
transferred to the surface can be increased. It is well known that the
injection of foreign gas in the boundary layer through porous mate-
rial promotes turbulenceparticularlyin the downstreamregion, and
this increases surface heat-transfer rate considerably. Such a phe-
nomenon is well demonstrated in the experimental study reported
by Kaattari.8 He measured the surface heat-transfer rate for several
blunt bodies in hypersonic � ows. Using a porous wall, he simu-
lated the effect of ablation. With increasing the amount of injection
gas, turbulent transition actually took place in an otherwise laminar
boundary layer, and the higher heat-transfer rate was observed in
the experimental data. The same tendency was also shown in the
experimental study of Feldhuhn.9

A theoreticalmodeling of this phenomenonhas already been de-
veloped by Park.10 In an attempt to explain the higher heat-transfer
rate at the stagnation point observed in experiments, he conjec-
tured that the injection gas was already turbulent. He derived the
functional form for mixing length at the surface and time constants
for various porous materials based on the data from relevant ex-
periments. Recently, this idea of injection-induced turbulence was
adopted in our previous numerical study, assuming the model could
be applied to the region other than the stagnation point. In Ref. 11
the velocitypro� le in the boundary layer over a sphericalblunt body
measured in a hypersonicwind tunnelwas calculatedand compared
with the experimentaldata.12 The suggestionwas made that the de-
velopment of turbulent boundary layer caused by wall injection
could be simulated through using the concept of injection-induced
turbulence. In another paper the heat � ux for the Pioneer-Venus
entry probe was calculated.13 The heat-transfer rate was increased
signi� cantly in the downstreamregion, while being decreasedat the
stagnation point when ablation gas was injected. This qualitatively
explained the � ight data.14

In the previous study11 the injection-induced turbulence model
was incorporatedin the � ow solver through the use of the one-equa-
tion turbulence model proposed by Goldberg and Ramakrishnan.15

In the model the damping function for low-Reynolds-numbereffect
was de� ned by comparing local eddy size with Kolmogorov scale.
The distance from the nearby wall was not used in the model. This
feature seemed quite favorable for the present numerical approach
because we did not have to worry about the behavior of the near-
wall low-Reynolds-number term for the turbulent boundary layer
with turbulent foreign gas injection. Note that the viscous sublayer
disappears with such turbulent gas injection.

In this study we focus on calculating the heat � ux pro� les over a
sphericalblunt bodywith wall injectionin hypersonic� ow. We com-
pare the calculated results with the existing experimentaldata.8 The
numerical approach is then assessed and, if necessary, improved.
In the following, we � rst show the calculated results using the ear-
lier numerical approach, and then give the details of numerical ap-
proaches. The improved results are then shown for various cases
consideredin the correspondingexperiment.Finally, the related dis-
cussions and conclusions will be stated.

Numerical Methods
Brief Description of the Present Scheme

The governing equations are the Reynolds-averagedaxisymmet-
ric Navier–Stokes equations. An ideal gas � ow with the constant
ratio of speci� c heats 1.4 is assumed both for the freestream gas
and the injection gas. The � ow� eld is solved by a conventional
cell-centeredexplicit � nite volume upwind scheme. The employed
numerical scheme is essentially the same as used in our previous
work11 except for the treatment of isothermalporous wall boundary
condition. The convection term is solved by one of the advection
upwind-splittingmethod (AUSM-DV) schemewith a shock-� x pro-
cedure for removing carbuncle phenomenon.16 The viscous term is
evaluated by central differencing.The source term appearing in the
axisymmetric equations is evaluated by cell-averaged values. The
equations are integrated in time by the conventional two-stage ex-
plicit Runge–Kutta method. A local time stepping is employed for
a faster convergence.

Injection-Induced Wall-Turbulence Model

According to Park,10 the eddy viscosity at the wall with injection
� ow can be described as

l tw = 0.4q w vw d (1)

The mixing length d was identi� ed by comparingwith experimental
data and was given by

d = dm {1 ¡ exp( ¡ s vw /dm)} (2)

The time constant s was found to be

s = 0.02 (3)

for sintered stainless steel. The limiting mixing length dm is given
by

dm = 35( @y

@ g )
w

(4)

where g is de� ned by

g = [2q e
(due / ds)B = 0

l e ]
1
2 * y

0

q

q e
dy (5)

The boundary condition at the porous wall is imposed by � rst
assuming the pressure gradient normal to the wall is zero. This is
approximatedby pw = pc ,where pc denotestheaveragedpressurein
the computationalcell adjacent to the wall. We assume that the wall
temperature is the same as that of the injection gas and is given by
Tw =300 K (Ref. 8). The densityof the injectedgas q w is determined
from the ideal gas equation of state. The injection velocity at the
wall surface is then givenby vw = Çm / q w . The foreigngas is assumed
to inject perpendicularlyfrom the wall. After � nding the boundary-
layer edge based on the total enthalpy pro� le, the limiting mixing
length dm is determined by using Eqs. (4) and (5). The wall eddy
viscosity based on the injection-induced turbulence model is then
given by using Eqs. (1) and (2). From this wall value one can � nd
the boundary value of the dependent variable for the one-equation
turbulencemodel by solving the relationbetween the eddy viscosity
and the dependent variable iteratively.11

Typical Results by the Preceding Numerical Approach

In this study we aim to reproduce the experimental result of
Kaattari in which hypersonic � ows over several blunt models with
surface injection� ow were tested.8 In his experimentpressurizedair
was injected through a porous wall made of sintered stainless steel
for introducing ablation effect. Heat-transfer measurements were
made at various locations.

The modelgeometryconsideredin this study is a hemispherewith
nose diameter 17.78 cm. The freestream Mach number is 7.32, and
the Reynoldsnumber based on the nose diameter is about 1.0 £ 106.
The reservoir temperature is about 800 K, and the pressure is 400–

1600 psi. Figure 1 shows a typical example of a structured mesh
with 101 £ 151 mesh points. At the shock position mesh lines are
clustered to resolve the detached shock wave crisply.

What we have obtained using the same scheme described in the
earlier study was rather a poor agreement with the available exper-
imental data. The employed turbulence model was the Goldberg–

Ramakrishnan(G–R) model.15 The � ow conditionand other param-
eters for this example (Run 80H1) are shown in Table 1. Figure 2
shows the obtaineddensitycontours.Along the wall, a sharp density
change is seen corresponding to the edge of injecting gas. Figure 3
shows the corresponding normalized surface heat-transfer pro� le.
The calculated values are normalized by the calculated stagnation-
point heat-transfer rate for zero mass addition, whereas the experi-
mental values are normalized by the stagnation-pointheat-transfer
rate measured in the experiment also for zero mass addition. For
zero mass additioncases the calculatedvalue at the stagnationpoint
becomes about 10% larger than that of the experimental value.
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Table 1 Flow conditions and parameters considered in the present
calculations

Value at run

Parameter 77H1 78H1 79H1 80H1 88H1 89H1 95H1

Pt , psi 400 400 400 400 800 800 800
Tt , K 782 793 788 775 761 748 797
M 1 7.32 7.32 7.32 7.32 7.32 7.32 7.32
Re £ 10 ¡ 6 1.11 1.05 1.07 1.10 2.29 2.37 2.12
q0, W/cm2 9.80 9.83 9.77 9.51 13.13 12.94 14.16
m ¤ 0.003 0.007 0.022 0.027 0.004 0.010 0.013

Fig. 1 Computationalmesh with 101 £ £ 151grid points.Mesh lines are
clustered to the shock wave as well as in the boundary-layer region.

Fig. 2 Typical example of the calculated density contours by the pre-
vious method11 with surface mass addition (80H1). The G–R model is
used.15

With surface injection one can see the calculated heat-transfer
rate at the stagnation point becomes signi� cantly lower than the
experiment, while becoming larger in the downstream region. For
comparison, the calculatedresult using the Spalart–Allmaras (S–A)
one-equation turbulence model17 is also shown in Fig. 3. The wall
boundary condition is similarly treated as in the G–R model. The
heat-transferrate at the stagnationpoint decreases and almost coin-
cides with that of the G–R model. Contrary, the peak heating rate at
s / RN ¼ 0.6 substantiallydecreases,and a better agreementwith the
experiment is obtained. Note that the destruction term in the S–A
model is inconsistent with the present turbulent injection assump-
tion.

Fig. 3 Typicalexamples of obtainedsurface heat-transfer-rate pro� les
by the previous method.11

The precedingresults suggest that the turbulenceeffect caused by
the wall injection in the numerical solutions is too small at the stag-
nationpoint.This is not acceptablebecausePark’s injection-induced
wall turbulence theory was calibrated against the experimental data
involving the present one. The suggestion is also made that the cal-
culated heating rate in the downstream region critically depends on
the turbulencemodels.

New Implementation

A properformof thewall dampingfunctionfor injection� ow was
studied by Cebeci.18 The constant A+ in the Van Driest damping
function19

D = 1 ¡ exp( ¡ y + / A+ ) (6)

was modi� ed, and a favorable agreement with the experiment was
demonstrated.However, in the vicinityof wall, the viscous sublayer
region appears, which does not suit with the concept of injection-
induced wall turbulence modeling.

The Van Driest damping function is constructed based on the
solution for the incompressible Stokes � ow over an oscillating � at
plate. The amplitude of the oscillation was translated as the � uctu-
ation component of the � uid velocity. In this study the same idea
is adopted to construct a wall damping function for turbulent wall
injection � ow. The eddy viscosity used in the calculation is now
assumed in the following form as

l t = ( l t )inj + ( l t )BL (7)

where the � rst term in the right-hand side is given by

( l t )inj = q d2
inj j x j (8a)

dinj = max(0, dw ¡ v y) exp( ¡
y +

A+ ) (8b)

The mixing length dinj takes the maximum value dw at the wall and
decays exponentially in the boundary layer according to the Van
Driest theory. The wall mixing length dw is chosen to satisfy the
relation

( l t )Park = q w d2
w j x w j (9)

The second term in the right-hand side of Eq. (7) is given by the
original form of the Baldwin–Lomax algebraic turbulencemodel.20

Therefore, the eddy viscosity given by this second term vanishes
toward the wall.
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Calculated Results by the Modi� ed Method
Improved Results by the New Method

Figure 4 shows the calculated normalized surface heat-transfer
rate correspondingto the same conditionsfor the example shown in
Fig. 3. The heating rate at the stagnationpoint now agrees fairlywell
with the experimentalvalue. The heating rate in the downstreamre-
gion, however, becomes too large and almost coincides with that
by the G–R model shown in Fig. 3. For comparison, the calculated
pro� le by removing( l t )BL in Eq. (7) is also shown.The heating rate
at the stagnationpoint slightly increases in this case, while it mono-
tonically decreases along the wall surface. This demonstrates the
importance of turbulent transition caused by the Baldwin–Lomax
model for reproducing the experimental data.

A grid-convergencestudy is made for this particularcase, and the
obtainedresultsare indicatedalso in Fig. 4. One can see that theheat-
transfer pro� le obtained by using the standard mesh (101 £ 151) is
virtually the same as that given by the � ner mesh, although the peak
heating in the downstream hump is slightly different. The heat-
transfer rate at the stagnationpoint is almost unchanged.Therefore,
the numerical results using the standard mesh can retain a suf� cient
accuracy for the present investigation.

Seeing the reasonable agreement at the stagnationpoint, we now
consider various cases with varying mass addition rates conducted
in Kaattari’s experiment.8 All of the cases considered here are also
summarized in Table 1. Calculatedcases are chosen for two distinct
Reynolds numbers. The variations of mass addition rate along the
wall surface for the lower Reynolds number are shown in Fig. 5a,
whereas for the higher Reynolds number are in Fig. 5b.

The calculated surface heating pro� les for the lower Reynolds
numbers are shown in Fig. 6a. One can see that the heating rate at
the stagnation point is generally well reproduced, but the heating
rate becomes too large in the downstream region. The situation is
found to be the same for the higher-Reynolds-numbercases shown
in Fig. 6b. Note that, for both Reynolds numbers, the response of
the heating rate to the variation of mass addition rate is favorably
reproduced. With an increasing mass addition rate the heating rate
at the stagnationregiondecreases.In the downstreamregiona hump
in the heating-ratepro� le becomes evident, although the calculated
transition location only slightly moves toward downstream.

At the stagnationpoint the calculatededdy viscosityalways takes
the maximum value ( l t )inj at the wall, and monotonicallydecreases
toward the edgeof theboundarylayer because( l t )BL is almost zero.
Contrary, in the downstream of the transition point, the maximum
value of the eddy viscosity occurs in the middle of the boundary
layer. The eddy viscositypro� le is obviouslyaffectedby the growth
of ( l t )BL, which is triggered by the introductionof (u t )inj from the
wall.

Fig. 4 Obtained heat-transfer-rate pro� les by the new method.

Fig. 5a Variation of mass addition rate along the wall surface for
lower-Reynolds-number cases.

Fig. 5b Variation of mass addition rate along the wall surface for
higher-Reynolds-number cases.

In Fig. 7a, which is reproduced from Fig. 11 in Ref. 8, the stag-
nation point heating rate ratio W is shown for a different blowing
parameter B that is the ratio of injected mass rate to the fraction
of the maximum available heat arriving at the surface without mass
addition.21 A fair agreementbetween the calculatedstagnationheat-
ing rates and the experiments for different Reynolds numbers is
shown. In Ref. 10 Park calibrated his injection-inducedturbulence
model by severalavailableexperimentaldata includingthose shown
in Fig. 7a. This agreement comes from the consistency between
Park’s theory and the present treatment of eddy viscosity in the nu-
merical scheme. The polynomial curve W = W (B) shown in the
� gure is obtained from the boundary-layer theory, which gives the
correlation between the reductions in heat transfer with increasing
mass additionparameter at the stagnationpoint.21 Note that both the
experimental data and the numerical results are substantially larger
than the correlated curve.

The resultsof the largerblowingcases are also indicatedin Fig. 7a
for showing the behaviorof the present numericalmodeling to such
cases, althoughwe do not have the correspondingexperimentaldata
with which to compare. In these calculations the mass addition rate
of model 80H1 is proportionallyincreased over the surface. As can
be seen, the stagnation-pointheating rate ratio gradually decreases
as the blowing parameter is increased.
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Fig. 6a Calculated heating-rate pro� le for lower-Reynolds-number
cases.

Fig. 6b Calculated heating-rate pro� le for higher-Reynolds-number
cases.

Another set of experimental data for the normalized stagnation-
point heat-transfer rate with surface mass addition is available in
the literature9 and is consideredhere as the source for further com-
parison. In the experiment a hemisphere-cone forebody made of
porous beryllium-copper was utilized. In the calculations the time
constant appearing in Eq. (3) is chosen to be 0.012 (Ref. 10). In
Fig. 7b, which is reproduced from Fig. 18 in Ref. 9, the obtained
stagnation-point heating-rate ratios are shown. One can � nd that
the higher heating-rate ratio at the stagnation point is again re-
produced, although the quantitative agreement is degraded in this
case.

Further Attempts for Better Quantitative Agreement

The heating rates shown in Fig. 6 are obviously too large in the
downstreamregion.Because theS–A modelgavea better agreement
in the downstream region, which was probably brought by the in-
consistent use of destructioneffect, it might give a better agreement
if either the turbulence effect introduced by the associated turbu-
lence model other than the S–A model could be diminished, or the
turbulence effect at the stagnation point is arti� cially enhanced in
the S–A model.

In the former approach the eddy viscosity in the Baldwin–Lomax
model is decreased by modifying the mixing length as d = C v y D,
where y is the distance from the wall and D is given by Eq. (6).

Fig. 7a Stagnation-pointheating-rate ratio Ã for various blowing pa-
rameter B in Kaattari’s experiment.8

Fig. 7b Stagnation-pointheating-rate ratio Ã for various blowing pa-
rameter B in Feldhuhn’s experiment.9

The introduced constant is chosen in the range of 0 < C < 1 so as
to decrease the eddy viscosity in the boundary layer. This modi-
� cation does not recover the original model when injection � ow
is absent. The current treatment is just for seeing the effect of di-
minishing eddy viscosity for surface heat transfer. Figure 8 shows
the surface heating pro� les corresponding to those shown in Fig. 6
with the arbitrarily chosen constant value C = 0.5. By reducing the
mixing length, the agreements between the calculated pro� les and
experiments are improved.

In the latter approach we employ the S–A model as it is and add
( l t )inj [Eq. (8a)] only along the stagnationstreamline.The obtained
result is shown in Fig. 9. One can see that the agreement at the
stagnation point is substantially improved. Moreover, the effect of
added eddy viscosity has a sizable in� uence on the entire heating
pro� le.

Discussion
In this study a new implementation of Park’s injection-induced

turbulence model into an existing computational � uid dynamics
code is made to explore the surface heating rate over a hemispher-
ical model with surface mass addition. The new implementation
employs a direct use of mixing length theory with the modi� ed Van
Driest damping function, rather than resort to an existingturbulence
model to introduce turbulence effect indirectly.
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Fig. 8a Calculated heating-rate pro� le for lower-Reynolds-number
cases by the reduced mixing length in the Baldwin–Lomax turbulence
model.20

Fig. 8b Calculated heating-rate pro� le for higher-Reynolds-number
cases by the reduced mixing length in the Baldwin–Lomax turbulence
model.20

Fig. 9 Calculated heating-rate pro� le by the S–A model17 with adding
(¹t )inj only along the stagnation streamline.

As can be seen in the calculated results, particularlyin Fig. 7, the
enhanced surface heating at the stagnation point is well reproduced
by thenew method.Because the injection-inducedturbulencemodel
was developed for the purpose of explaining the anomalousheating
enhancementat the stagnationpointobservedin variousexperiments
involving the present one, any consistent numerical method with
the Park’s theory should reproduce the experimental values of the
stagnation-pointheating rate.

Contrary to this, the calculated surface heating rates by the as-
sociated turbulence models other than the S–A model consistently
give higher values in the downstream region. Only the S–A model
gives the favorable level of heating,althoughthe destructionterm in
the S–A model is obviously inconsistentwith the present turbulent
injection assumption. Arti� cially diminished mixing length in the
B–L model actually gives better coincidences in the downstream
region while it does not alter the heating rate at the stagnationpoint.
The introduction of ( l t )inj only along the stagnation streamline in
the S–A model also improves the agreement.

From theseresultsthe suggestionis made that anyof the following
need to be considered for improved quantitative agreement: 1) an
appropriate modi� cation of Park’s theory to reduce the amount of
surface eddy viscosity caused by injection � ow in the downstream
region, 2) an appropriate modi� cation of the mixing length in the
existing turbulence models to reduce the amount of eddy viscosity
in the downstream region, or 3) enhance the turbulence effect only
at the stagnation region if the theory is implemented in the S–A
turbulencemodel withoutmodifyingthe near-walldestructionterm.

Conclusions
Heat-transfer calculation for a hemisphere with wall injection in

hypersonic � ow is carried out by solving the axisymmetric Navier–
Stokes equations.The injection-inducedturbulencemodel ofPark is
implemented througha combinationof two different eddy viscosity
models,where thenear-wallbehaviorof the turbulentinjectiongas is
described by the ordinary mixing length theory using the modi� ed
Van Driest damping function, and the overall turbulent boundary
layer is given by the Baldwin–Lomax zero equation model. What
we have concluded in the present study are the following:

1) The heat-transferrate at the stagnationpoint is reasonablywell
reproduced for various mass addition rates.

2) The injection-inducedturbulencemodel needs to be combined
with an appropriate turbulence model for reproducing transition
phenomena.

3) The heat-transfer rate in the downstream region is found to
be overestimatedby the use of existing turbulencemodels. Sugges-
tions are made for obtaining a better quantitative agreement in the
downstream region.
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